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This paper explores the concept of logarithms as presented in university mathematics textbooks. By means of subject matter analysis, the content was analysed for ways to define and give meaning to logarithms. Seven variants of logarithm definition and ten different facets of meaning were identified, reflecting formal rigor alongside intuition. The findings demonstrate mathematically equivalent yet conceptually diverse ways of defining logarithms, as well as various semantic descriptions highlighting certain properties of the concept. The resulting model of meaning provides a structured framework for understanding how logarithms are conceptualised in higher education, and for studying how logarithms are or could be conceptualised in secondary school.
Introduction
The concept of logarithms has been shown to pose challenges for students to comprehend (e.g., Berezovski & Zazkis, 2006; Chua & Wood, 2005; Kenney, 2005). It is a non-trivial function as it cannot be expressed using a finite combination of numbers, variables, and the standard operations addition, subtraction, multiplication, and division. Despite the basic idea of logarithm being a connection between multiplicative and additive structures, providing a tool for converting burdensome products into easily calculated sums, the notation  does not clearly convey the transformation applied to the input x. The abstract nature, shared with trigonometric and exponential functions, might place significant cognitive demands on students’ interpretation of mathematical definitions. To begin unpacking logarithms as a mathematics subject matter to be taught and learnt, this paper explores how logarithms are defined and given meaning in university mathematics textbooks.
Among students’ challenges with logarithm comprehension identified in previous research, there are difficulties related to grasping the concept and its notation. For instance, common errors are related to the treatment of “lg” as a product of variables, so in “”, lg is treated as one factor and  as another (Chua & Wood, 2005; Kenney, 2005). Hence, the combination of the two letters l and g is interpreted in a mathematical, yet improper, way. This suggests a need of guidance for instructors as to how the logarithm can be conceptualised in teaching to minimise misconceptions.
Ball et al. (2008) developed a theory of mathematical knowledge for teaching (MKT) based on the notion of pedagogical content knowledge (PCK) and observations and analyses of mathematics teaching. They identified specialized content knowledge (SCK) as the mathematical knowledge and skills that are unique to teaching. These include the expertise required to be able to explain procedures, interpret student errors, evaluate alternative algorithms, choose effective analogies, and understand different possible interpretations of one and the same topic (Ball et al., 2008). 
In the case of logarithms, they could be conceptualised differently when introduced than in later subsequent teaching, just as sine, cosine, and tangent could be introduced as relations between the sides of a triangle, while later defined as functions. But the meaningful selection of ways to define and give meaning to concepts demands SCK (Ball et al., 2008). Within the course of a PhD project, I seek to unpack the mathematical content of logarithms and make it accessible to pre-service and in-service teachers as well as mathematics education researchers. The current paper reports on a substudy of a project aimed at developing a comprehensive model of meaning for the concept of logarithms, grounded in mathematical and educational perspectives. While the full project incorporates literature, interviews, and teacher workshops, this paper focuses on university textbooks, constituting one quarter of the full study.
Aim and research questions
This study explores manifested ways in which the concept of logarithms is defined and given meaning in university mathematics textbooks on real analysis. The aim is to develop a model of meaning containing diverse but normative definitions and meaning facets of the concept of logarithms. The following research questions guide the study:
RQ1: 	Which definitions and meaning facets of the concept of logarithms are manifested in university mathematics textbooks as the concept is introduced?
RQ2:	How can these definitions and meaning facets be organised into a model of meaning for the concept of logarithms?
Background
Mathematical approaches to mathematics education research take mathematics as the main reference point for investigating how mathematical content is recontextualised in educational settings (Bergsten, 2020). Examples include the Anthropological Theory of Didactics (ATD), MKT and the German traditions of Stoffdidaktik (Bergsten, 2020). While ATD emphasizes the relativity of mathematical knowledge with respect to institutions (Bosch & Gascón, 2006), MKT and Stoffdidaktik attach great importance to didactical analyses of mathematical content as a key activity in preparing the subject for teaching (Ball et al., 2008; Hußmann et al., 2016). A key tool is subject matter analysis, which aims to make mathematics accessible and comprehensible for learners through analysis of the subject matter, while preserving mathematical rigor (Hußmann et al., 2016). Such analyses have previously resulted in theoretical foundations for empirical research and scholarly discussions (Kolloshe, 2024; Lankeit & Biehler, 2024). Felix Klein (1908/2016) was a pioneer of this approach. Through mathematical, didactical and historical analysis, he aimed to make the concept of logarithms teachable for school mathematics. He concluded by recommending the integral definition of logarithms (see below) as the most suitable way to introduce the concept in school.
Subject matter analysis 
This study applies subject matter analysis informed by Lankeit and Biehler (2024), who developed a conceptual framework for modelling the meaning of higher-level mathematical concepts. The framework distinguishes between a formal level, comprising definitions, theorems and proofs, and a semantic level, encompassing sense, meaning and interpretation. Within this model, concept definitions appear as definition variants (DVs), which are “mathematically equivalent but conceptually different enough to evoke different associations” (Lankeit & Biehler, 2024, p. 3). This equivalence means that one concept definition can be used to derive theorems which in turn can be used to define the same concept. The DVs may be constructive, specifying how to generate an object, or relational-descriptive, defining it through its abstract properties (Lankeit & Biehler, 2024). For example, odd numbers can be constructively defined as , or relational-descriptively defined as integers indivisible by 2.
The semantic level of the framework addresses facets of meaning of the concept, which articulate different interpretive perspectives. In Lankeit and Biehler (2024), facets of meaning were organised according to contexts of interpretation (analytic-algebraic, geometric and approximation context), derived from mathematics education literature on a nearby mathematics concept. 
Categorisations of logarithm definitions and interpretations
Previous research on different definitions and interpretive aspects of the logarithm that may be held by students or communicated through teaching suggests various categorisations, summarised in Table 1. Ricardo (2022) outlined four common ways to define the natural logarithm and proved their equivalence.  was defined as the limit for  as , as the integral  for , as the unique continuous solution of the functional equation , , and as the inverse of . Conducting a historical review, Riley (2023) identified five various ways in which
	Definitions
	Interpretations

	Ricardo (2022)
	Riley (2023)
	Weber (2016)
	Gruver (2018)

	Limit
	Area
	Inverse exponent
	Factor interpretation

	Integral 
	Exponent
	Multiplicative reasoning
	Exponent

	Unique solution to functional equation
	A way to simplify calculations
	Decreasing the hierarchy level of operations
	

	Inverse to the natural exponential
	Comparison between two progressions
	Counting the number of digits
	

	
	Arithmetic sequence
	
	


Table 1. Definitions and interpretations of logarithms from previous research
the logarithm has been presented. These are an area, an exponent, a way to simplify computations, a comparison between two progressions, and an arithmetic sequence juxtaposed to a geometric sequence. Weber (2016), on the other hand, present four ‘basic models’ of the logarithm, namely logarithms as inverse exponents, multiplicative reasoning (including repeated division), decreasing the hierarchy level (of operations), and counting the number of digits. Weber (2016) also theoretically evaluated how well basic models help students solve tasks and avoid errors. For example, digit-counting works only in base ten, while multiplicative reasoning supports solving specific logarithmic expressions effectively (Weber, 2016).
Unlike above desk-based studies, Gruver (2018) observed logarithm interpretations emerging in classrooms, accepted by a majority of participating students. Two of the normative ways of reasoning were the factor interpretation of log (i.e., log asks for the number of multiplications) and logarithms as exponents (Gruver, 2018). Although overlaps exist, such as the “exponent” highlighted in several studies, the general view of logarithms appears scattered. Furthermore, Riley (2023) showed that in addition to definitions such as those in Table 1, Canadian, British and American secondary school textbooks also conceptualised the logarithm as a value and as a button on the calculator. Extending this previous work to Sweden, including university level textbooks, and adding multiple data sources, the PhD project aims to systematise logarithm meaning facets, developing a comprehensive model that could support empirical research and scholarly discussion of different approaches to the teaching of logarithms.
Method
13 university mathematics textbooks were sampled to represent official texts on mathematics subject matter, based on the assumption that the authors of textbooks are authoritative participants in mathematical discourse, and that university teachers purposefully select course literature after careful review.  In strive for a diverse sample, I included course literature used in introductory analysis courses at the ten largest universities in Sweden (counted by full-time students, UKÄ, 2025). This resulted in a sample of 11 books and two course compendiums, marked with * in the reference list.
The study employed subject matter analysis following Lankeit and Biehler’s (2024) framework. First, the table of content of each textbook was scanned for the terms “logarithm” and “logarithmic function”. In response to RQ1, only introductory sections were included, while advanced treatments (e.g., derivatives of logarithms) were excluded. Each identified section was then analysed separately using inductive content analysis (Elo & Kyngäs, 2008). Aligning with the purpose of this study, the method of content analysis seeks to construct a conceptual map by categories describing the phenomenon in a condensed, still broad, manner (Elo & Kyngäs, 2008). Table 2 outlines the different phases of inductive qualitative content analysis as proposed by Elo and Kyngäs (2008), along with a description of how the present analysis was carried out.
Contexts of interpretation were identified using the framework by Berezovski and Zazkis (2006), which is based upon prior work on exponential functions. Using this, I distinguished between the context of number (logarithms as exact or approximated values), operations (relating to procedures or to the relation between multiplicative and additive structures), and function (relating to functions or function properties).

	Phases and steps
	Description

	Preparation phase
	

	
	Selecting the unit of analysis
	The unit of analysis was selected as statements declaring what logarithms are, expressed with mathematical and/or natural language.

	
	Making sense of the data 
	All textbook sections included in the sample were read through several times.

	Organising phase
	

	Phases and steps of inductive content analysis from Elo & Kyngäs (2008)
	Open coding
	[image: En bild som visar text, Teckensnitt, linje, skärmbild

AI-genererat innehåll kan vara felaktigt.]Statements about what logarithms are were identified, notes were taken in the margins as interpretations of what logarithms are declared to be in this statement. See example below, extract from Ekstig et al. (2019).

	
	
	Definition variants
	Facets of meaning

	
	Coding sheets
	Identified statements belonging to the formal level were adopted as pre-DVs.
	Notes from the margins were used to construct the coding sheet, producing preliminary categories.

	
	Grouping and categorisation
	Pre-DVs were grouped by considering similarities within and differences across the emerging categories.
	Preliminary categories were grouped into higher order categories considering similarities within and differences across categories.

	
	Abstraction
	Each category was assigned a number (DV1-7) and a prototypical DV was formulated for each category.
	Each category was named using content-characteristic words, and a general description of the data was formulated using typical examples from the data.

	Reporting the analysing process and the results

	
	Model, conceptual map or categories
	DVs were assigned to the constructive or relational-descriptive category and facets of meaning to one of the contexts of interpretation. The model of meaning for the concept of logarithms was constructed.


Table 2. Phases and steps of inductive analysis from Elo & Kyngäs (2008) juxtaposed with a description of this paper’s analysis procedure
In order to get a more reliable description of the data, the open coding process and the identification of statements at the formal level were discussed with a group of five colleagues. These discussions led to the replacement of one facet of meaning with two, the addition of one DV and a refined description of the analysis process.
Results
Figure 1 presents a model of meaning for the concept of logarithms, developed using subject matter analysis of 13 university mathematics textbooks. The model identifies seven DVs – three constructive and four relational-descriptive – alongside ten facets of meaning across three contexts: number (3), operational (4) and function (3).
The constructive DVs show how to mathematically obtain logarithms. DV1 defines the natural logarithm as an integral. In Stewart et al. (2020), this is followed by an acknowledgement that  also can be interpreted geometrically as an area. This conceptualisation is used as a proper definition in other books (DV2), constructively defining the natural logarithm as an area. DV3 defines a logarithm as the exponent  satisfying , explicitly instructing where in the expression to find the logarithm.
The relational-descriptive DVs define logarithms through abstract properties rather than construction. DV4 specifies the equivalence  describing the required relation between logarithms and exponentials. It resembles DV3, however, while DV3 instructs where to find the logarithm (in the exponent), DV4 specifies a relation that logarithms must satisfy. DV5 defines the logarithm as a function with certain properties, namely the domain () and range () along with the equality  for  and . DV6 defines a logarithm as the inverse of the exponential function with the same base. This DV is relational-descriptive as it prescribes a certain relation to be fulfilled for a function to belong to the class of logarithm functions. DV7 defines logarithms as unique solutions to exponential equations, their existence relying upon the relation with exponentials. 
The definition variants are considered to form the mathematical basis for facets of meaning of the concept of logarithms. Being facets, neither comprises the full meaning of the concept, they rather highlight different properties. In the number context, logarithms are interpreted as a value, a solution or (implicitly) an exponent. The exponent facet is exemplified in Johansson and Öhman (2017, p. 174, my translation) calling it a rhetorical definition when stating that “ is what one should take to the power of in order to receive ”. The operational context includes tool-referring facets, namely using logarithms to solve exponential equations or to rewrite numbers. The transformational facet of meaning, turning multiplication into addition, is presented in a historical remark in Olsen (2023, p. 67), stating that “[t]he basic idea of logarithms was to find an invertible function that turns multiplication into addition”. The inverse facet also belongs here, reflecting the isomorphic relation between multiplicative and additive structures, as in Rodhe and Sollervall (1998, p. 26, my translation), “the logarithm function is inverse to corresponding exponential function”. Although related to DV6, this statement lacks sufficient mathematical rigor to constitute a DV.
Within the function context, two facets capture the general function perspective, either as a single function or as a class of functions. The third gives logarithms the ordered-pair facet of meaning, which is related to functional thinking, and is exemplified by Forsling and Neymark (2011, p. 77, my translation) stating that “for every number 
, a real number  is ordered”.

[image: ]Figure 1. Model of meaning for the concept of logarithms, displaying definition variants and facets of meaning

Discussion
This study analysed 13 university mathematics textbooks to explore how the concept of logarithms is defined and given meaning, resulting in the model of meaning presented in Figure 1. In response to the research questions, seven definition variants (DVs) and ten facets of meaning were identified, the latter spanning three contexts of interpretation. Together, these capture the diverse ways in which logarithms are presented in the sampled textbooks, as they differ in conceptual emphasis and related procedures. 
A central theme is the relation between logarithms and exponential functions. Several DVs and meaning facets rely on this inverse link, yet others, namely DV1 (integral), DV2 (area), and DV5 (rule) define logarithms independently of exponentials. Both approaches are mathematically valid, but their didactical implications might differ. These must be explored by the teacher themself or by further research. 
Notably, DV1 and DV2 define only the natural logarithm, requiring specification of the base to  when using other DVs to derive them. This adds a condition to the mathematical equivalence that characterises the relations among the DVs.
The identified facets of meaning resonate with prior research. Exponent, inverse, and function meaning facets align with findings by Gruver (2018), Riley (2023) and Weber (2016). The function meaning facet also appears in the framework by Berezovski and Zazkis (2006), while the transformational, value and equation solution meaning facets refine their operational and number contexts. Two of the definitions presented by Ricardo (2022) (integral and inverse to exponential) correspond to DVs in the current result. This study extends earlier work by combining the formal level of definition variants and the semantic level of meaning facets into a unified and detailed model. While the DVs could all serve to derive key properties of logarithms, the facets of meaning each seem to highlight one or a few features, which suggests that we need several of them to actually grasp the concept. Notably, the repeated division/factor interpretation, recognised by Weber (2016) and Gruver (2018), are absent. These views would connect logarithms to the standard operations multiplication and division, rather than to the more advanced concepts of exponential, function, inverse and integral which the current findings emphasise. This study’s focus on university textbooks hence delimits the findings by relating to curricula on a certain educational level. Extending the data sources to include mathematics education research literature and insights from mathematicians and teachers could further enrich the model. 
The model could also be strengthened by further validation. Lankeit and Biehler (2024) view different DVs as conceptually distinct as they evoke different associations. While the current analysis distinguished DV1 (integral) and DV2 (area), readers might argue that a  and an area represent the same. Unsurprisingly, the DVs resemble each other mathematically to various degrees, as all aim to grasp logarithms. This study sought to trace conceptual differences among definitions and meaning facets manifested in textbooks. Future research should examine whether these distinctions extend beyond the author’s interpretations, explore associations evoked by different DVs, and examine their relation to various meaning facets of the concept of logarithms.
Methodological and theoretical contributions of this study include the productive integration of the framework subject matter analysis with the method content analysis, alongside the initial development of a model of meaning for the concept of logarithms. The emerging model could guide future empirical and theoretical research on teaching and learning logarithms. For instance, research on MKT requires specification of the mathematics that inform teachers’ SCK (Ball et al., 2008). Hence, researchers using an MKT framework to study secondary school pre-service or in-service teachers’ knowledge of logarithms could make use of this model of meaning, likewise researchers studying definitions and meanings that come to use in classrooms. Additionally, this study empirically contributes with a characterisation of logarithm definitions and facets of meaning brought forth, and not, by a sample of university mathematics textbooks. 
The emerging model has didactical implications for subject-specific professional development, encouraging teachers to reflect on productive ways to define and give meaning to logarithms in instruction. It should be noted, though, that the distinction made between DVs and facets of meaning is analytical; in secondary school classrooms, a facet of meaning identified in this analysis could serve as a definition. Which interpretation to foreground depends on learning goals, context, and students’ prior knowledge (Lankeit & Biehler, 2024). Notably, the integral definition proposed by Klein (1908/2016) is still just one of many definitions used in university mathematics textbooks. This diversity enables connections between logarithms and several other mathematical concepts. For instance, Riley (2023) proposes introducing logarithms through the relation between arithmetic and geometric sequences, which may be more accessible than an inverse exponential definition. In other classrooms, logarithms could serve to extend students’ understanding of functions, particularly non-trivial such, in which the domain, range and ordered-pair idea are significant concepts. Such informed decisions taken by teachers on how to prepare mathematical content for instruction presume an extensive knowledge base, to which the emerging model can contribute.
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